Directed Algebraic Topology is a recent field, deeply linked with ordinary and higher dimensional Category Theory. A 'directed space', e.g. an ordered topological space, has directed homotopies (which are generally non-reversible) and fundamental n-categories (replacing the fundamental n-groupoids of the classical case). Finding a simple model of the latter is a nontrivial problem, whose solution gives relevant information on the given 'space'; a problem which is also of interest in general Category Theory, as it requires equivalence relations which are more general than categorical equivalence. Taking on a previous work on 'The shape of a category up to directed homotopy', we study now the fundamental 2-category of a directed space. All the notions of 2-category theory used here are explicitly reviewed.
Introduction
Directed Algebraic Topology studies 'directed spaces' in some sense, where paths and homotopies cannot generally be reversed; for instance: ordered topological spaces, 'spaces with distinguished paths', 'inequilogical spaces', simplicial and cubical sets, etc. Its present applications deal mostly with the analysis of concurrent processes (see [5, 6, 7, 8, 9] ), but its natural range covers non-reversible phenomena, in any domain. Other references for Directed Algebraic Topology and its applications can be found in [14] .
The study of invariance under directed homotopy is far richer and more complex than in the classical case, where homotopy equivalence between 'spaces' produces a plain equivalence of their fundamental groupoids, for which one can simply take -as a minimal model -the categorical skeleton. Our directed structures have, to begin with, a fundamental category ↑Π 1 (X). This must be studied up to appropriate notions of directed homotopy equivalence, which are more general than ordinary categorical equivalence: the latter would often be of no use, since the fundamental category of an ordered topological space, for instance, is always skeletal (the same situation shows that the fundamental monoids ↑π 1 (X, x 0 ), can be trivial, without ↑Π 1 (X) being so; cf. 1.2). Such a study has been carried out in a previous work [14] , which will be cited as Part I; the references I.2 or I.2.3 refer, respectively, to its Section 2 or Subsection 2.3.
In Part I, we have introduced two (dual) directed notions, which take care, respectively, of variation 'in the future' or 'from the past': a future equivalence (a symmetric version of an adjunction, with two units) and its dual, a past equivalence (with two counits); and studied how to combine them. Minimal models of a category, up to these equivalences, have been introduced to better understand the 'shape' and properties of the category we are analysing, and of the process it represents. Part of this study is briefly recalled below, in Section 1. (The paper [6] has similar goals and results, based on different categorical tools, i.e. categories of fractions.)
As already noted in Part I, this analysis captures essential facts of many planar ordered spaces (subspaces of the ordered plane ↑R 2 ), but may say little about objects embedded in the ordered space ↑R 3 , in the same way as the fundamental group does not recognise the singularity of a 2-sphere. This is why we want to develop here a similar study of the 'shape' of 2-categories, adapted to study the fundamental 2-category ↑Π 2 (X) of an ordered space. Outline. We begin with a brief review of the basic aspects of Part I (Section 1), ending with a motivation of a higher dimensional study (1.5) . Lax natural transformations of 2-functors between 2-categories and the 'local adjunctions' they produce, introduced in the 1970s by Bunge [4] , Gray [15] and Kelly [17] , are recalled in Section 2 -and in the Appendix (Section 7) for more technical points. Sections 3 and 4 introduce and study future 2-equivalences between 2-categories, a symmetric version of a local adjunction. Theorem 3.4 shows that a future 2-equivalence has a canonical factorisation into two split future 2-equivalences (an analogous 1-dimensional property was proved in Part I), so that our 2-categories can be embedded into a common one, each of them as a future 2-retract (a sort of locally full, locally reflective subcategory); on the other hand, a future 2-retract and a past 2-retract of the same 2-category generate a global 2-dimensional model (4.2, 4.3) . The definition of the fundamental 2-category of an ordered space is given in Section 5, and extended to more complex directed structures in 5.7; note that a map of preordered spaces induces a strict 2-functor between their fundamental 2-categories, but a homotopy produces a lax natural transformation (5.5). The previous notions are used in Section 6 to give a model of the fundamental 2-category of a 3-dimensional ordered space, the 'hollow cube', for which ↑Π 1 gives insufficient information (cf. 1.5).
One-dimensional analysis of directed spaces
We begin with a review of the basic ideas and results of Part I. A preorder relation is assumed to be reflexive and transitive; it is called a (partial) order if it is also anti-symmetric; using a preorder as the main notion has strong advantages, as recalled at the end of 1.1. 2 → A. The fundamental category C = ↑Π 1 (A) has, for arrows, the classes of directed paths up to the equivalence relation generated by directed homotopy (with fixed endpoints, of course).
In our example, the fundamental category C has some arrow x → x provided that x x and both points are in L or L (the closed subspaces represented above). Precisely, there are two arrows when x p = (1/3, 1/3) and x q = (2/3, 2/3) (as in the second figure above), and one otherwise. This evident fact can be easily proved with the 'van Kampen' theorem recalled above, using the subspaces L, L (whose fundamental category is the induced order).
Thus, the whole category C is easy to visualise and 'essentially represented' by the full subcategory E on four vertices 0, p, q, 1 (the central cell does not commute)
But E is far from being equivalent to C, as a category, since C is already a skeleton, in the ordinary sense. The situation can be analysed as follows, in E:
-the action begins at 0, from where we move to the point p, -p is an (effective) future branching point, where we have to choose between two paths, -which join at q, an (effective) past branching point, -from where we can only move to 1, where the process ends.
(Definitions and properties of regular and branching points can be found in I.6). In order to make precise how E can 'model' the category C, we proved in Part I (and will recall below) that E is both future equivalent and past equivalent to C, and actually is the 'join' of a minimal 'future model' with a minimal 'past model' of the latter.
Future equivalence of categories
A future equivalence (f, g; ϕ, ψ) (I.2.1) between the categories C, D is a symmetric version of an adjunction, with two units. It consists of a pair of functors and a pair of natural transformations (i.e., directed homotopies), the units, satisfying two coherence conditions:
Note that the directed homotopies ϕ, ψ proceed from the identities to the composites gf, f g ('in the future'). Dually, past equivalences have counits, in the opposite direction (with the composed functors 'in the past').
Future equivalences compose (in the same way as adjunctions), and yield an equivalence relation of categories. A property (making sense in a category, or for a category) is said to be future invariant if it is preserved by future equivalences.
An adjunction f g with invertible counit ε : f g ∼ = 1 amounts to a future equivalence with invertible ψ = ε −1 . In this case, a 'split' future equivalence, D can be identified with a full reflective subcategory of C (also called a future retract, I.2.4). But, in a general future equivalence, f need not determine g.
Theorem I.2.5 shows that two categories are future equivalent if and only if they can be embedded into a common one, as full reflective subcategories. Dually, past equivalence is the equivalence relation generated by being a full coreflective subcategory.
Minimal one-dimensional models
In our example (1.2), the category C = ↑Π 1 (A) has a least full reflective subcategory F , which is future equivalent to C and minimal as such; its objects are a future branching point p (where we must choose between different ways out of it) and a maximal point 1 (where one cannot further proceed); they form the future spectrum sp + (C) (as defined in I.7.2)
Dually, we have the least full coreflective subcategory P , whose objects form the past spectrum sp − (C) = {0, q}. Putting together the information coming from a past and a future spectrum, the pf-spectrum E = Sp(C) is the full subcategory of C on the set of objects sp(C) = sp − (C) ∪ sp + (C) (I.7.6). It is linked to C by a diagram formed of four commutative squares
Adding the two functors g α = j α p α : C → E (where α = ±), E becomes a minimal injective model of the category C, in a precise sense, which we recall now (all this is not technically required for the sequel, but will suggest how to proceed for dimension 2, in Section 4).
First, a category E is made an injective model of C (I.4.1) by assigning a pf-injection, or pf-embedding, E ← → ← C. This consists of a full embedding f : E → C (full, faithful and injective on objects) which belongs at the same time to a past equivalence (f, g − ; ε E , ε C ) and a future equivalence (f, g
(A coherence property between these two structures automatically holds, I.3.3. By I.3.4, it suffices to assign the three functors f, g − , g + -the first being a full embedding -together with the natural transformations ε C and η C , under the conditions f g
We also say that E is a strongly minimal injective model if it satisfies the stronger condition (i'), together with (ii):
(i') E is an injective model of every category injectively equivalent to C, where two categories are said to be injectively equivalent if they can be linked by a finite chain of pf-embeddings, forward or backward (I.4.1).
Finally, Theorems I.8.4 and I.8.6 prove that, if a category C has a pf-spectrum (defined in I.7.2), this is a strongly minimal injective model of C, determined up to a unique isomorphism. (More generally, the minimal injective model of a category, when existing, is determined up to isomorphism but the isomorphism itself need not be determined; cf. I.5.5, I.5.6).
The hollow cube
The analysis recalled above, based on the fundamental category, gives relevant information for planar ordered spaces (subspaces of ↑R 2 ), also in much more complicated examples (see I.9). But it may be insufficient for higher dimensional singularities.
The simplest case (already considered in I.9.8) is a 3-dimensional analogue of our previous example, the 'hollow cube' X ⊂ ↑ [0, 1] 3 represented below (again, an ordered compact space): 
The fundamental category C = ↑Π 1 (X) seems to say little about this space: C has an initial object 0 and a terminal object 1, whence it is future contractible (to its object 1) and past contractible as well (to 0); its minimal injective model is the category 2 = {0 → 1} (cf. I.5.4). Now, as already remarked in Part I, this injective model is not faithful: the original category C is not a preorder, since C(x, y) has two arrows when x, y are suitably placed 'around' the obstruction (precisely because we are working within directed homotopy theory). One might therefore try to extract a better information from C, using faithful models. However, we are not able to find any simple one (and likely, there is no finite one).
Here, we shall study the fundamental 2-category C 2 = ↑Π 2 (X), trying to reproduce one dimension up the previous study of ↑Π 1 (A), for the 'square annulus' (1.4). This will be done in Section 6, after preparing the new tools.
Lax natural transformations and local adjunctions
We review now the main tools of 2-dimensional category theory which will be used in this paper: (strict) 2-functors, their lax natural transformations, their modifications and local adjunctions as introduced in [4, 15, 17] . We shall mostly follow Bunge's terminology [4] , slightly adapted (cf. 2.2).
Notation
Dealing with (strict) 2-categories, there is some advantage in beginning with the more general notion of sesquicategory, where we only have a vertical composition of cells and a horizontal 'whisker' composition of cells with arrows [19] .
We shall use the following notation. In a sesquicategory X we have objects x, y, . . ., maps a : x → y, . . . and cells α : a → b : x → y, . . . . Maps have an associative composition, written ba (or b · a), with identities 1 x . Cells have a main composition βα : a → c : x → y (also written β · α), as in the left diagram below, which is associative and has identities 1 a (in the sequel, the terms 'horizontal' and 'vertical' will only be used for the pastings of the associated double cells; see below)
Cells and maps have a whisker composition kαh : kah → kbh : x → y (as in the right diagram above) such that:
This sesquicategory 'is' a 2-category if the 'reduced interchange axiom' holds:
in which case, one can define the lower composition γ • α : ca → db : x → z as the previous common result. We shall generally work with 2-categories (mostly without using the lower composition of cells). A (strict) 2-functor f : X → Y takes items of X to similar items of Y , preserving identities and compositions. We shall only use such strict morphisms.
It will be useful to use pasting. This amounts to identifying a 2-category with its strict double category of quintets (due to C. Ehresmann), with double cells as in the left diagram below (provided by a 2-cell ϕ : va → bu)
The horizontal and vertical compositions of double cells are obtained in the obvious way, from the vertical composition of 2-cells and the whisker composition of 2-cells with arrows, as in the right diagram above
Note that, more generally, these horizontal and vertical compositions of double cells can be defined (and are associative) for a sesquicategory X; then, X is a 2-category (satisfies the reduced interchange axiom) if and only if its double cells form a double category (i.e., the horizontal and vertical pastings satisfy the middlefour interchange axiom).
Lax natural transformations
A lax natural transformation ϕ : f → g : X → Y (between strict 2-functors) assigns:
so that the following axioms hold:
The cell-dual notion, an op-lax natural transformation, has comparison cells in the opposite direction:
The present choice of the leading form, with cells ϕa : ϕx · f a → ga · ϕx directed from f to g, agrees with Bunge's paper [4] , but differs from Gray's [15] (where 'd' stands for down) and Kelly's [17] : lax natural transformation:
op-lax natural transformation: [15] : quasi d -natural transformation, quasi-natural transformation, [17] :
op-lax natural transformation, lax natural transformation.
We follow Bunge's choice because it is well-related with 'local adjunctions' (2.4; see the remark at the end of 2.5).
Modifications
The calculus of lax natural transformations and modifications, under their compositions, is deferred to the Appendix, Section 7.
Local adjunctions
A local adjunction (f, g; η, ε; L, R) between the 2-categories X, Y consists of a pair of 2-functors, a pair of lax natural transformations and a pair of modifications (replacing the triangular identities)
This will be called a coherent local adjunction if it satisfies the coherence axioms:
with obvious modifications η η, ε ε (graded composition of lax natural transformations, 7.3). In a strictly coherent local adjunction the triangular comparisons are identities (L = 1, R = 1) and the coherence axioms reduce to η η = 1, ε ε = 1. The cell-dual notion, with op-lax natural transformations η :
A coherent local adjunction (in the present sense) is called a 'formal lax adjunction' in [4] , 3.1 (where f need not be strict). An op-local adjunction is called a 'weak quasi-adjunction' in [15] , I.7.1, and a 'quasi-adjunction' when coherence holds. The term 'local adjunction', motivated below, appeared in [2, 3, 16] , with similar meanings.
Local adjunctions are closed under composition ( [15] , I.7.3).
The local behaviour
The name of local adjunction is motivated by the fact that this structure is linked with ordinary adjunctions at the 'local' level, of hom-categories.
More precisely, a local adjunction f g (18) induces, for every pair of objects x (in X) and y (in Y ), a sort of 'pre-adjunction' f g (without triangular identities), between ordinary functors naturally associated with f and g, respectively:
The components η a and ε b are cells, defined by the following pastings
If the original local adjunction is coherent, then (20) is an adjunction (satisfies the triangular identities). On the other hand, a coherent op-local adjunction f g produces an adjunction g f whose 'direction' does not agree with the given one.
Local terminal objects
Local adjunctions produce local limits and colimits, as studied in the references cited above. In a very elementary way, let us consider the 2-category X = Rel Ab of (additive) relations of abelian groups and the trivial 2-category 1 on one object , linked by the following 2-functors forming a retraction (0 denotes the null group)
Adding units or counits, we can get various (op)local adjunctions (but no 2-adjunction, since X has neither a terminal nor an initial object).
(a) First, we have a strictly coherent local adjunction p i, with trivial counit pi = 1 and unit η : 1 X → ip, sending an object A to the greatest relation ηA : A → 0 (with graph A×0). The following diagram shows the comparison cell of η, on an arbitrary relation a :
while the coherence properties ((lnt.1-3) in 2.2) are automatically satisfied, because a 2-category of relations is locally ordered: its cells are determined by their domain and codomain.
We can say that this adjunction presents the null group 0 as a local terminal object of X.
(b) Secondly, we have a coherent local adjunction i p with trivial unit 1 = pi and counit ε : ip → 1 X , sending an object A to the least relation εA : 0 → A (with graph 0×0)
This presents the null group 0 as a local initial object, in X. 
while the counit of second is the op-lax natural transformation ε : ip → 1 X , ε A = (ηA) . These adjunctions present 0 as an op-local terminal and op-local initial object, respectively.
The points (a) and (b) seem also to show that lax natural transformations, in the present sense, play a leading role with respect to the dual notion: in fact, the presentation of 0 as a local terminal object comes with terminal relations A → 0 (terminal 'objects' in the order-category Rel Ab(A, 0)), and the presentation as a local initial object comes with initial relations 0 → A.
For relations of sets, a similar argument would show that the 2-functor p : Rel Set → 1 has two (non-isomorphic) strictly coherent local right adjoints, corresponding to the empty set and the singleton. But now, the transformations pertaining to the empty set (which is 2-terminal and 2-initial) are 2-natural.
Future and past 2-equivalences
As in the 1-dimensional case, directed homotopy equivalence of 2-categories comes in two dual forms, which identify future invariants or past invariants, respectively.
Future 2-equivalences
We shall work with strict 2-functors, their lax natural transformations and modifications, as recalled in the previous section (or in Section 7, for their compositions).
A future 2-equivalence (f, g; ϕ, ψ; F, G) between the 2-categories X, Y will consist of a pair of 2-functors, a pair of lax natural transformations (2.2), the units, and a pair of modifications (2.3), the comparisons
We say that this future 2-equivalence is coherent if the following axioms hold: Both notions are reflexive and symmetric; the first -future 2-equivalence -is also transitive (as we prove in 3.2). Moreover (having chosen the arrow of the comparison cells of lax natural transformations, in 2.2), the arrow of the comparison cells F, G in the previous definition cannot be inverted, if we want the result of Thm. 3.4 (see the note at the end of the proof).
A property (making sense in a 2-category, or for a 2-category) will be said to be future 2-invariant if it is preserved by future 2-equivalences; an elementary example will be future 2-contractibility (3.5). A future 2-equivalence between ordinary categories amounts to a future equivalence (1.3).
A coherent local adjunction f g (2.4) with invertible counit ε : f g → 1 and invertible comparisons L : εf · f η → 1f and R : 1g → gε · ηg amounts to a coherent future 2-equivalence with invertible unit ψ and invertible comparisons, letting:
This case, a 'split' future 2-equivalence, will be treated later (3.3). Dually, a past 2-equivalence (f, g; ϕ, ψ; F, G) has
and is coherent if:
Future 2-equivalences, being linked with (locally) reflective sub-2-categories and idempotent 2-monads (3.3), will generally be given priority with respect to the dual case (related with coreflective sub-2-categories and 2-comonads). The cell-dual notion, an op-future 2-equivalence, will only be considered marginally; it has op-lax natural transformations ϕ : 1 X → gf, ψ : 1 Y → f g directed the same way but having opposite comparison cells (2.2) and triangular comparisons directed the other way round (F : f ϕ → ψf, G : gψ → ϕg). Finally, notice that (in contrast with 2.5) a future 2-equivalence does not induce a future equivalence (nor functors) at the level of hom-categories.
Composition
Future 2-equivalences can be composed (much in the same way as local adjunctions, in [15] , I.7.3), which shows that being future equivalent 2-categories is an equivalence relation.
In fact, after (f, g; ϕ, ψ; F, G) (as in (26)), let a second future 2-equivalence be given
Their composite is defined as follows:
where the modifications L and R are given by the following two pastings, in the 2-categories Lnt(X, Z) and Lnt(Z, X) of 2-functors, lax natural transformations and modifications (7 
Future 2-retracts
As in the 1-dimensional case (I.2), there is an important instance of future 2-equivalence, which generates the general situation (as will be shown in Thm. 3.4).
A split future 2-equivalence of X onto X 0 (or of X 0 into X) will be a coherent future 2-equivalence (p, i; η, i; 1, 1) where the unit 1 X 0 → pi and both comparisons are identities
This equivalence (p, i; η, i; 1, 1) is a split epi in the category of future 2-equivalences, with section (i, p; 1, η; 1, 1) (use the composition diagram (33)). We shall view i as an inclusion and X 0 as a sub-2-category of X; it is easy to see that X 0 is locally full in X (but not necessarily full, as shown by the examples of Section 6). Indeed, every X-cell α : a → b : x → x between maps of X 0 necessarily belongs to the latter, since the lax natural transformation η : 1 X → ip gives the following equality (axiom (lnt.3) in 2.2)
where ηx, ηx are identity maps and ηa, ηb are identity cells (by ηi = 1 i ). Equivalently, we have a strictly coherent local adjunction p i with unit η : 1 X → ip, where the counit is an identity (as well as both comparisons, cf. 2.4). Thus, p will be called the local reflector of the embedding i.
Equivalently again, one can assign a strictly idempotent coherent local monad (e, η) on X, i.e., a 2-endofunctor e and a lax natural transformation η such that e : X → X, η : 1 X → e, ee = e, eη = 1 e = ηe, η η = 1 η .
Indeed, given (i, p; η), we take e = ip; given (e, η), we factor e = ip splitting e through the sub-2-category X 0 of X containing the objects, arrows and cells which e leaves fixed.
Dually, a split past equivalence of X 0 into X (or of X onto X 0 ) is a coherent past equivalence (p, i; ε, 1; 1, 1) where the counit pi → 1 P and both comparisons are identities
Then, X 0 will be said to be a past retract of X, with local coreflector p (locally right adjoint to the inclusion, with trivial unit and comparisons). 
where X and Y are future 2-retracts of W (the graph of the given future 2-equivalence). Proof. (a). First, we construct the 2-category W , enriching the construction of I.2.5 for 1-dimensional categories.
(i) An object is a six-tuple (x, y; u, v; U, V ) containing two objects, two maps and two cells, such that: 
(a coherence condition can be added; but this is not necessary). A cell between parallel maps (α,
is a pair such that:
The composition of arrows is as follows (it is easy to see that it is 'categorical')
The main and secondary compositions of cells are defined component-wise (and satisfy the axioms of 2-categories, with the obvious identities)
The construction of the 2-category W is now completed. We have a split future 2-equivalence of
The correctness of the definitions of i and η is easily verified; for instance, the coherence of the lax natural transformation η with a W -cell (α, β) (property (lnt.3) of 2.2) follows from the definition of a cell, in (42). The relations pi = 1 W , ηi = 1 i , pη = 1 p are plain. We also have η η = 1 η (independently of the coherence of the original future 2-equivalence) (x, y; u, v; U, V )
Symmetrically, there is a split future 2-equivalence of 
Finally, (b) and (c) follow immediately from (a), by composing future 2-equivalences (3.2).
We also note that the proof shows the 'necessity' of the previous choices for the direction of cells (once we have fixed it, for lax natural transformations). Indeed, the direction of the cell A in (41) must agree with the direction of ϕa : ϕx · a → gf a · ϕx in (46); but then, because of (48), the arrow of U is also fixed; finally, (51) determines the arrow of Gy.
Future 2-contractible 2-categories
We say that a 2-category X is future 2-contractible if the 2-functor p : X → 1 with values in the singleton 2-category (one object and its identities) is a future 2-equivalence.
This means that we have a 2-functor i : 1 → X (i.e., an object x 0 = i( ) of X), with a lax natural transformation η and a modification G p :
note that G merely amounts to a cell G 0 = G( ) : ηx 0 → id(x 0 ). (The axiom (mdf), in 2.3, is trivially satisfied, since 1 has precisely one arrow, which is an identity.) In this situation, we also say that X is future 2-contractible to the object x 0 . Notice that the latter is not determined up to isomorphism (as shown at the end of this subsection).
We say that X is split future 2-contractible if p : X → 1 is a split future 2-equivalence onto 1, i.e., a coherent future 2-equivalence with comparison G = 1. This amounts to a strictly coherent local adjunction p i with unit η (and counit pi = 1; cf. 2.4)
We have already seen, in 2.6, that Rel Ab is split future 2-contractible (to the object 0) and split past 2-contractible (to the same object); moreover, the same is true in the cell-dual sense, with respect to op-local adjunctions. There are no other split solutions. Indeed, if (i, η) is 1, the following cell (for an arbitrary a: x → i( )) shows that every component ηx : x → i( ) must be the greatest relation x → i( )
and then ηi = 1 shows that i( ) = 0. Similarly, the 2-category Rel Set is split future 2-contractible to precisely two objects (up to isomorphism): the empty set and the singleton.
Proposition
In order that the category X be split future 2-contractible to an object x 0 , it suffices that in the latter there be, for every object x, an arrow ηx : x → x 0 which is terminal in the category X(x, x 0 ) and such that ηx 0 = id(x 0 ).
Proof. Let i : 1 → X, i( ) = x 0 . For every arrow a : x → x in X, let ηa : ηx · a → ηx be the unique cell to the terminal arrow ηx : x → x 0 . Plainly, this defines a lax natural transformation η : 1 → ip (2.2). Again, let G( ) : 1 x 0 → ηx 0 be the unique cell to the terminal arrow ηx 0 : x 0 → x 0 ; this defines a modification G : ηi → 1 i : i → i : 1 → X. The condition ηi = 1 i is already assumed, and η(ηx) : ηx → ηx necessarily coincides with 1 ηx .
Two-dimensional models
We see here how a past 2-retract and a future 2-retract of a 2-category generate a global 2-dimensional model (4.3). Then, we study properties of objects, invariant up to future 2-equivalence, which will be of use to construct minimal models of 2-categories (4.4, 4.5).
Injective 2-models
A future 2-embedding of E into X will be a future 2-equivalence (f, g; η E , η) where the comparison cells are identities, f is a locally full 2-embedding and some additional properties hold, as follows:
In particular, gf g = g, so that gf and f g are idempotent endofunctors. Moreover, η E is determined by η (the main unit) and η E η E = 1 η E holds as well, so that our future 2-equivalence is strictly coherent (3.1).
Dually, we have the notion of a past 2-embedding. Combining both aspects, the 2-category E is made an injective 2-model of X by assigning a pf-2-embedding of E into X, i.e., a pair formed of a past 2-embedding (f, g − ; ε E , ε) and a future 2-embedding (f, g + ; η E , η) sharing the same locally full 2-embedding f : E → X:
Pf-presentations
We introduce now a second structure which combines past and future, and will produce an injective 2-model.
A pf-2-presentation of the category X will be a diagram consisting of a past 2-retract P and a future 2-retract F of X (3.3; both are locally full sub-2-categories)
We have thus two strictly coherent local adjunctions i
Recall that P and F are locally full sub-2-categories of X (3.3). We form now a locally full sub-2-category E, which will be called the injective 2-model of X generated by the pf-2-presentation (61) -and will be proved to be such a model (4.3). Its objects belong to P 0 ∪ F 0 (i.e., Ob P ∪ Ob F ), while its arrows are generated by: (a) the arrows of P and F , (b) the components εx :
Note that all the components of ε, η on items of E live in E. In fact, for an object x ∈ P 0 ∪ F 0 , it suffices to consider the condition (b), together with the properties εx = 1 x for x ∈ P 0 and ηx = 1 x for x ∈ F 0 (and condition (a)). Secondly, for a map a : x → x in E, the thesis follows from the fact that both cells εa and ηa have a domain-arrow and a codomain-arrow in E (see the diagrams below), which is locally full in X (61)), let E be the locally full sub-2-category of X described above (4.2) and f its embedding in X. (a) These data can be uniquely completed to the left diagram below, with (four) commutative squares
Theorem (Pf-2-presentations and injective 2-models) Given a pf-2-presentation of the 2-category X (written as in
P i − / / X p + / / p − o o F i + o o X g − g + P j − / / E q + / / q − o o f O O F j + o o E O O (63) Moreover: (b) there is a unique lax natural transformation ε E : j − q − → 1 E such that f ε E = εf ; (c) there is a unique lax natural transformation η E : 1 E → j + q + such that f η E = ηf ; (d
) these transformations make the lower row into a pf-2-presentation of
making E an injective 2-model of X ( generated by the presentation).
Proof. (a) First, we (must) take j + : F ⊂ E (so that f j + = i + ) and q (e) Then, we define g α = j α p α : X → E and observe that
Therefore, we can take the lax natural transformations
as the units of the pf-2-embedding f : E ← → ← X : g α ; in fact, the relations:
are already known, or come from g
Similarly for the counits.
Future 2-regularity
A point x in the 2-category X will be said to be V 
On the other hand, we shall say that x is V 
Then, in the right diagram above, the double cells 
Then, in X, the composite gβ · ϕx ⊗ v gβ i · ϕx (which 'starts' at x) does not depend on i, and there exists a 2-cell ξ such that (gβ i · ϕx) ⊗ v ξ = ξ (independent of i). One shows as previously that the double cell η = (F x ⊗ h ψb ) ⊗ v f ξ, in the right diagram above, has the same vertical composites with
Then, in the left diagram above, the double cells ξ i = ϕa i ⊗ v gη i solve our condition for the pair α i :
Finally, let f x be O 
The fundamental 2-category of a preordered space
We define here the fundamental 2-category of a preordered space, and extend the construction to other settings. The index α takes values 0, 1 (written −, + in superscripts, as usual in cubical homotopical algebra).
The structure of the directed interval
The directed interval ↑I is a lattice in pTop, with the following structural mappings: faces (δ α ), degeneracy (ε) and connections (γ α , the binary operations of join and meet)
Actually, we are not interested in the complete axioms of lattices (e.g., the idempotence of the binary operations γ ± , or their full absorption laws), but only in a part of them, corresponding to a cubical monoid in the sense of [10] : a set equipped with two structures of commutative monoid, so that the unit element of each operation is absorbent for the other. Formally, this means the following axioms, defining a cubical monoid in a monoidal category with tensor product × (with α, β = ± and α = β)
Higher faces, degeneracies and connections are constructed from the structural maps, via the monoidal structure, for 1 i n and α = ±
and the cocubical relations (for faces, degeneracy and connections) follow from this construction and the axioms above, in (75):
The cubical set of a preordered space
Given a preordered space X, the previous structure of ↑I (and its powers, forming a cocubical object with connections in pTop) produces a cubical set with connections P (X)
satisfying the cubical relations (dual to the cocubical ones, listed above).
Moore paths and parallelepipeds
Let us form the free cubical ω-category M (X) on this cubical set P (X). A general item is a Moore parallelepiped, defined on a standard ordered nparallelepiped (possibly degenerate)
These maps form the component M n (X). Faces and degeneracies are obvious (taking α = 0, 1, still written −, + in superscripts)
and defined, respectively, on the standard parallelepipeds given by the natural numbers
The i-composition of two Moore parallelepipeds a, b with ∂
with identities given by the degeneracies e i .
This cubical set has 'pre-connections', whose 'degenerate' faces are constant (instead of being actual identities)
where
Truncating M (X) at dimension 2, we get a cubical 2-category (i.e., an edgesymmetric double category, where horizontal and vertical maps coincide) with pre-connections
Further, replacing M 2 (X) with N 2 (X) = M 2 (X)/ (modulo homotopy with fixed boundary) and leaving N i (X) = M i (X) for i = 0, 1, we have again a cubical 2-category with pre-connections.
Congruences
Let C be a cubical 2-category. A congruence R = (R 0 , R 1 , R 2 ) in C will be a triple of equivalence relations, one in each component C 0 , C 1 , C 2 (of objects, maps and cells) of C, so that these relations are: Plainly, the quotient 2-truncated cubical set C/R (with components C n /R n , the induced faces and degeneracies) inherits well-defined i-composition laws, which make it into a cubical 2-category: the quotient of the cubical 2-category C modulo R.
The fundamental 2-category
Now, starting from the cubical 2-category with pre-connections N (X) defined at the end of 5.3, we form a double category with connections
identifying 'pre-identities' (cubes which are constant in some direction) with identities.
In other words, we define the congruence R (5. 
this modification can be accompanied with a similar modification on a (in the first variable), obtaining a map
Continuing this way, we end with replacing a, b with equivalent items a, b having ∂ + 2 a = ∂ + 2 b. Now, the fundamental cubical 2-category of X is defined as the quotient N (X)/R. The fundamental 2-category is obtained in the usual way, restricting double cells to those whose faces in direction 2 (for instance) are trivial. We have thus a functor
Furthermore, a directed homotopy ϕ : 
(88)
Other directed structures
In a preordered space, every loop is reversible (as already remarked in 1.1); therefore, this setting has no 'directed circle' or 'directed torus'.
We briefly recall more complex directed structures, which allow for non-reversible loops. All of them have a directed interval ↑I with the structure considered above, so that all the previous constructions can be easily extended. Furthermore, all of them have a reflection X → X op extending the preorder-reversion of pTop. First, one could extend pTop by some local notion of ordering. The simplest way is perhaps to consider spaces equipped with a relation ≺ which is reflexive and locally transitive: every point has some neighbourhood on which the relation is transitive ([11], 1.4) ; similar, stronger properties have been frequently used in the theory of concurrency. But a relevant internal drawback appears, which makes this setting inadequate for directed homotopy and homology: mapping cones and suspension are lacking. Indeed, a locally preordered space cannot have a 'point-like vortex' (where all neighbourhoods of a point contain some non-reversible loop), whence it cannot realise the cone of the directed circle (as proved in detail in [11] , 4.6).
Spaces with distinguished paths
A sufficiently general, well-behaved setting has been studied in [11] . A d-space X = (X, dX) is a topological space equipped with a set dX of (continuous) maps a : I → X; these maps, called distinguished paths or directed paths or d-paths, must contain all constant paths and be closed under concatenation and increasing reparametrisation (i.e., pre-composing with a weakly increasing continuous mapping I → I).
A d-map f : X → Y (or map of d-spaces) is a continuous mapping between d-spaces which preserves the directed paths: if a ∈ dX, then f a ∈ dY .
The category of d-spaces is written as dTop. It has all limits and colimits, constructed as in Top and equipped with the initial or final d-structure for the structural maps; for instance a path I → X j is directed if and only if all its components I → X j are so. The forgetful functor U : dTop → Top preserves thus all limits and colimits; a topological space is generally viewed as a d-space by its natural structure, where all (continuous) paths are directed (via the right adjoint to U ).
Reversing d-paths, by the involution r(t) = 1 − t, yields the reflected, or opposite, [18, 1] , could also be used -but would require a more complicated procedure to concatenate paths and homotopies (cf. [13] ).
Geometrical aspects of the congruence
Defining higher fundamental categories ↑Π n (X) with n > 2 is even more complicated. In [12] , we thought that the problem might be solved, identifying Moore parallelepipeds modulo delays in each variable. However, this is not consistent with concatenations.
For instance, consider two cubes a, b ∈ C 2 with a common degenerate face ∂ ) 1 (b 2 b) , also represented below, where a and b are constant in direction 2
lower-right half, separated by the paths a, b
The retraction
Let us consider a partition of the space X into eight zones: the points which are below precisely one vertex of V
It will be useful to note that, if Y is any of these eight zones and y ∈ Y , the subspace Y ∩ ↑y is compact. As a consequence, a path a : ↑I → X which meets Y has a last moment in it, t 0 1
if t 0 < 1, the path gets out of Y and never gets back. Now, the 2-functor p : C 2 → C + is defined as follows. It sends each point
Let a : x → x . Then there is a unique path p(a) : p(x ) → p(x ) in C + , excepting the case when p(x ) = p 0 and p(x ) = q 0 ; in this case p(a) is defined to be: 
6.5. The future equivalence The inclusion f : C + → C 2 forms, with p, a future 2-retract
where the lax natural transformation η is defined as follows. For x ∈ X, let ηx : x → p(x) be the affine path with these endpoints (which are contained in the down-set ↓p(x)). For a : x → x , let ηa : ηx · a → pa · ηx be the 2-cell associated to the biaffine double cellηa (as in the left diagram below) 
6.7. A global 2-model Finally, the pf-2-presentation of C 2 by the future 2-retract C + and the past 2-retract C − generates an injective 2-model E (4.3), on ten objects
7. Appendix: the calculus of lax natural transformations and modifications
We end with reviewing the various compositions of the notions recalled in Section 2. Again, we always consider strict 2-functors between 2-categories. We have thus a sesquicategory Lnt of 2-categories, 2-functors and lax natural transformations, which is not a 2-category: the reduced interchange axiom (2.1) does not hold (see also 7.3). 
Composing modifications
But, given the 2-categories X, Y , the important construct is the 2-category Lnt(X, Y ) of 2-functors X → Y , their lax natural transformations and modifications. Indeed, modifications have a main composition
To verify the axiom (mdf), take a map a : x → x in X. In fact, applying (lnt.2) to the lax natural transformation ρ, the left and the right pasting in (119) give, respectively
and these results coincide, by (lnt.3), applied to ρ and the cell ϕa : ϕx · f a → ga · ϕx. Then, in the following situation 
Higher compositions, II
One can also define a higher whisker composition of lax natural transformations and modifications.
(a) First, given a modification M : ϕ → ψ and a lax natural transformation ϑ as below, the modification ϑ 
